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1. Preliminaries
Theories on harmonic maps and minimal submanifolds have always been important research subjects in global differen-
tial geometry, and many signiﬁcant results have been obtained in the last few decades. More recently, studies on harmonic
maps and minimal submanifolds in Finsler geometry have also made some progress [1–6]. Using the Holmes–Thompson vol-
ume form, X.H. Mo introduced the notion of harmonic maps from a Finsler manifold to a Riemannian manifold in 2001 [3].
Later, Y.B. Shen and Y. Zhang derived the ﬁrst and the second variation formulas of energy function for a nondegenerate map
between Finsler manifolds [4]. The stability of harmonic maps was studied in [6]. In 2006, the ﬁrst author and Y.B. Shen
investigated the minimal immersions in Finsler manifolds, gave the ﬁrst variation formulas of volumes [5] and proved some
Bernstein type theorems for minimal graphs [9].
It is well known that though a minimal immersion is just an isometric harmonic map, their stabilities are different.
The purpose of this paper is to study the second variation of volume and the stability of minimal submanifolds in Finsler
geometry. In Section 2, we review some related deﬁnitions and formulas. In Section 3, we derive the second variation
formulas of minimal immersions into Finsler manifolds (Theorem 1). As its application, we consider the stability of minimal
immersions into Minkowski (n + 1)-spaces. In Section 4, by simplifying the second variation formula, we give a necessary
and suﬃcient condition for a minimal hypersurface in Minkowski (n+1)-space to be stable (Proposition 4.1) and prove that
all minimal graphs in Minkowski space are stable (Theorem 2). In the last section, we obtain a Bernstein type theorem in
Minkowski space (Theorem 4) by improving some Bernstein type theorems in Euclidean space (Theorem 3). Moreover, we
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Q. He, W. Zhao / Differential Geometry and its Applications 30 (2012) 438–449 439show that a helicoidal surface is minimal not only in Euclidean 3-space but also in (α,β)-Minkowski space (V˜ 3, α˜φ( β˜
α˜
))
(Example 1). By these facts, we give an example of unstable minimal surface in (α,β)-Minkowski spaces (Example 2).
2. Volume forms and minimal immersions
Let (M, F ) be an n-dimensional smooth Finsler manifold. The natural projection π : TM → M gives rise to the pull-back
bundle π∗TM and its dual π∗T ∗M . Let (x, y) be a point of TM with x ∈ M , y ∈ TxM , and (xi, yi) be the local coordinates
on TM with y = yi∂/∂xi . We shall work on TM \ {0} and rigidly use only objects that are invariant under positive rescaling
in y, so that one may view them as objects on the projective sphere bundle SM using homogeneous coordinates. The
following quantities
gij := 12
[
F 2
]
yi y j , Aijk =
F
2
[
1
2
F 2
]
yi y j yk
, ηi = g jk Aijk, (2.1)
are called the fundamental tensor, the Cartan tensor and the Cartan form respectively. Here and from now on, [F ]yi , [F ]yi y j
mean ∂ F
∂ yi
, ∂
2 F
∂ yi∂ y j
, etc., and we shall use the following convention of index ranges unless otherwise stated:
1 i, j, . . . n; n + 1 a,b, . . . 2n− 1; 1 α,β, . . .m(> n).
The simplest Finsler manifolds are Minkowski spaces, on which the metric function F is independent of x.
In π∗T ∗M there is a global section ω = [F ]yi dxi , called the Hilbert form, whose dual is l = li ∂∂xi , li = yi/F , called the
distinguished ﬁeld. Each ﬁbre of π∗T ∗M has a positively oriented orthonormal coframe {ωi} with ωn = ω. Expand ωi as
vijdx
j , whereby the stipulated orientation implies that det(vij) =
√
det(gij). Set
ωn+i = vijδy j, δyi =
1
F
(
dyi + Nij dx j
)
,
δ
δx j
= ∂
∂x j
− Nkj
∂
∂ yk
. (2.2)
The collection {ωi,ωn+i} forms an orthonormal basis on T ∗(TM \ {0}) with respect to the Sasaki-type metric gij dxi ⊗ dx j +
gijδyi ⊗ δy j . The pull-back of the Sasaki-type metric from TM \ {0} to SM is a Riemannian metric
gˆ = gij dxi ⊗ dx j + δabωa ⊗ ωb. (2.3)
Thus, the volume element dV SM of SM with the metric gˆ is given by
dV SM = ω1 ∧ · · · ∧ω2n−1 = Ω dτ ∧ dx, (2.4)
where
Ω := det
(
gij
F
)
, dx= dx1 ∧ · · · ∧ dxn, (2.5)
dτ :=
n∑
i=1
(−1)i−1 yidy1 ∧ · · · ∧ d̂yi ∧ · · · ∧ dyn. (2.6)
The volume form of a Finsler n-manifold (M, F ) is deﬁned by
dVM := σ(x)dx, σ (x) := 1
cn−1
∫
SxM
Ω dτ , (2.7)
where cn−1 denotes the volume of the unit Euclidean (n − 1)-sphere Sn−1, SxM = {[y] | y ∈ TxM}. It is well known that
there exists uniquely the Chern connection ∇ on π∗TM with ∇ ∂
∂x j
= ωij ∂∂xi and ωij = Γ ijk dxk , satisfying
d
(
dxi
)− dx j ∧ ωij = 0,
dgij − gikωkj − g jkωki = 2Aijkδyk. (2.8)
The curvature 2-forms of the Chern connection ∇ are
dωij − ωkj ∧ ωik = Ω ij :=
1
2
R j
i
kl dx
k ∧ dxl + P j ikl dxk ∧ δyl, (2.9)
where R j ikl = −R j ilk and P j ikl = Pkijl are called the hh-curvature and the hv-curvature respectively. The Riemannian curvature
tensor and the Landsberg curvature tensor are deﬁned by
Ri j := Rsi jklslk, Li jk := −ls P si jk, (2.10)
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Li jk = gil Ll jk = A˙i jk,
where “·” denotes the covariant derivative along the Hilbert form. There is another torsion-free connection, i.e. Berwald
connection b∇ , deﬁned by
b∇ = ∇ + A˙, Bijk = Γ ijk + A˙ijk, bωij = Bijk dxk, (2.11)
and obviously ∇l =b ∇l .
It has been shown in [3] that the divergence of 1-form φ = φidxi on SM can be expressed by
divgˆ φ = gij(φi| j − φiη˙ j) = gij
(
δφi
δx j
− φkΓ ki j − φiη˙ j
)
, (2.12)
where η˙ j = A˙kkj . The divergence of 1-form ξ = ξidyi on the ﬁbre SxM with respect to the induced Riemannian metric rˆx can
be expressed by [5]
divrˆx ξ = F 2gij[ξi]y j − F gijξiη j = F 2νgij
[
ξi
ν
]
y j
, (2.13)
where ν =√det(gij).
Denote the corresponding vector ﬁeld of X on the horizontal bundle by XH = Xi δ
δxi
for any X ∈ Γ (π∗TM), and deﬁne
the vertical mean value operator μ⊥ : C∞(SM) → C∞(SM) by μ⊥ f = 12n gi j[F 2 f ]yi y j for any f ∈ C∞(SM). Then we have
Lemma 2.1. (See [6].) Let (M, F ) be a Finsler manifold. Then∫
SM
lH ( f )dV SM = 0, (2.14)
for any smooth function f that is compactly supported in SM.
Lemma 2.2. (See [6,7].) Let (M, F ) be a Finsler manifold. Then∫
SxM
μ⊥( f )hΩ dτ =
∫
SxM
fμ⊥(h)Ω dτ , (2.15)
for any smooth functions f ,h on SM. In particular,∫
SxM
μ⊥( f )Ω dτ =
∫
SxM
fΩ dτ . (2.16)
An immersion f : (M, F ) → (M˜, F˜ ) between Finsler manifolds is called isometric, if F (x, y) = F˜ ( f (x),df (y)) for any
(x, y) ∈ TM \ {0}. For an isometric immersion f , it is clear that
gij(x, y) = g˜αβ(x˜, y˜) f αi f βj , (2.17)
where
x˜α = f α(x), y˜α = f αi yi, f αi =
∂ f α
∂xi
. (2.18)
Let b∇˜ be the pull-back Berwald connection on π∗( f −1T M˜) and h˜ = b∇˜ df be the second foundational form with respect
to the Berwald connection. Then from (2.8) and (2.11), we have
h˜(X, Y ) = b∇˜XH (df Y ) − df
(b∇XH Y ),(b∇˜XH g˜)(U ,W ) = 2 A˜(U ,W , h˜(l, X))− 2L˜(U ,W ,df X), (2.19)
for any U ,W ∈ Γ (π∗( f −1T M˜)) and X, Y ∈ Γ (π∗TM). The ﬁrst formula of (2.19) can be rewritten as
h˜αi j = f αi j − Bkij f αk + B˜αβγ f βi f γj , (2.20)
where f α = ∂2 f αi j . Seti j ∂x ∂x
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h := h
α
F 2
∂
∂ x˜α
, h∗ := 1
F 2
hα dx˜
α,
H∗ := μ⊥
(
hα
F 2
)
dx˜α, H := μ⊥
(
hβ
F 2
)
g˜αβ
∂
∂ x˜α
, (2.21)
where Gk and G˜α are the geodesic coeﬃcients for (M, F ) and (M˜, F˜ ) respectively, h is called the normal curvature and H is
called the mean curvature normal vector ﬁeld. It is easy to see that
h˜αi j =
1
2
[
hα
]
yi y j , h˜
α
i j y
j = 1
2
[
hα
]
yi . (2.22)
Let (π∗TM)⊥ be the orthogonal complement of π∗(df T M) in π∗( f −1T M˜) with respect to g˜ and let
V∗ = {ξ ∈ Γ ( f −1T ∗M˜) ∣∣ ξ(df (X))= 0,∀X ∈ Γ (TM)},
which are both called the normal bundle of f [6]. Set
μ f = 1cn−1σ
( ∫
SxM
hα
F 2
Ω dτ
)
dx˜α, (2.23)
which is called the mean curvature form of f . It is known from [5] that h, H ∈ Γ ((π∗TM)⊥), μ f ∈ V∗ and that f is minimal
if and only if μ f = 0.
Recall that for an isometric immersion f we have (see formulas (2.14) and (3.14) of Chapter V in [8])
Gk = φkβ
(
f βi j y
i y j + G˜β), (2.24)
where φkβ = f αl glk g˜αβ . Then φ : π∗( f −1T M˜) → π∗TM is the orthogonal projection with respect to g˜ . Let p⊥ :
π∗( f −1T M˜) → (π∗TM)⊥ be the orthogonal projection with respect to g˜ and denote V⊥ = p⊥V , V T = φV for any
V ∈ Γ (π∗( f −1T M˜)). Thus p = df ◦ φ. It follows from (2.24) and (2.21) that
hβ = p⊥βα
(
f αi j y
i y j + G˜α), (2.25)
where
p⊥βα := δβα − pβα, pβα = f βi φiα = f βi f σj gi j g˜σα. (2.26)
By a direct computation we have the following
Lemma 2.3. Let f : (M, F ) → (M˜, F˜ ) be an isometric immersion. Then
g˜
(
(∇˜XH p)V ,W
)= 2 A˜(V ,W T , h˜(l, X))+ g˜((∇˜Xdf )vT ,W )+ g˜((∇˜Xdf )W T , V ) (2.27)
for any X, V ,W ∈ Γ (π∗TM).
Lemma 2.4. (See [6].) Let f : (M, F ) → (M˜, F˜ ) be an immersion. Then
(∇˜lH h˜)(X, l) = dfR(X) −
F˜ 2
F 2
R˜(df X) + b∇˜XH h, (2.28)
for any X ∈ Γ (π∗TM), where R˜ andR are the Riemannian curvature tensors of M˜ and M respectively, which are deﬁned by (2.10).
3. The second variation formula
Assume D ⊂ M is any compact domain. Let ft : M → M˜ , t ∈ (−ε, ε), be a smooth variation of f with f0 = f and
ft |M\D = f |M\D . Then { ft} induce a variation vector ﬁeld v along f deﬁned as follows
v := ∂ ft
∂t
∣∣∣∣
t=0
= vα ∂
∂ x˜α
, v|M\D = 0. (3.1)
The ﬁrst variation formula of the volume for D ⊂ M is (see [5])
d
dt
Vt(D)|t=0 = −n
∫
μ f (v)dVM = − ncn−1
∫
h∗(v)dV SM = − n
cn−1
∫
H∗(v)dV SM . (3.2)M SM SM
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d2
dt2
Vt(D)|t=0 = − n
cn−1
∫
SM
∂
∂t
(
Ωth
∗
t (vt)
)∣∣
t=0 dτ ∧ dx.
Set
∂
∂t
(
Ωth
∗
t (vt)
)∣∣
t=0 =
∂
∂t
(
Ωt
F 2
)∣∣∣∣
t=0
hαv
α + Ω
F 2
∂(ht)α
∂t
∣∣∣∣
t=0
vα + Ωh∗
(
∂vt
∂t
∣∣∣∣
t=0
)
= (I) + (II) + (III). (3.3)
By (2.5)–(2.22), a direct calculation gives
(I) = Ωh∗(v)(2nμ⊥(ω˜(W ))− (n + 2)ω˜(W ))
= Ωh∗(v)(2 tr g˜(∇˜v,df ) + 2 tr A˜(df ,df ,W ) − (n + 2)ω˜(W )), (3.4)
where W = ∇˜lv= vαi li + 1F vσ N˜ασ . Combining (2.21), (2.25) and (2.26), we have
∂(h∗t )α
∂t
∣∣∣∣
t=0
vα = vα ∂
∂t
(
g˜αβ p
⊥β
σ
[(
f σt
)
i j y
i y j + G˜σ ])∣∣t=0
= vαvσhγ Γ˜ γασ + vαvσ g˜γ αΓ˜ γμσhμ + 2F 2 A˜(W ,h,v)
+ vα{−g˜αβ vβi + φ jα(2 A˜βστ f βi f σj W τ + g˜βσ vβi f σj + g˜βσ vβj f σi )}Gi
− vα{g˜σβ vβi φiα + pβα(Γ˜ γμσ g˜βγ vμ + Γ˜ γμβ g˜γ σ vμ + 2 A˜βστW τ )}(hσ + Gk f σk )
+ g˜ατ p⊥τβ vα
{
vβkj y
k y j + vσ [N˜βγ ]x˜σ y˜γ + 2F N˜βσ W σ − 2N˜βλ N˜λσ vσ }
= vαvσ {g˜γ τ p⊥τα Γ˜ γμσhμ + hγ Γ˜ γασ }+ F 2{2 A˜(W ,h,v⊥)− h∗(∇˜vT v)}
+ g˜ατ p⊥τβ vα
{
vβkj y
k y j − vβk Gk + vσ
[
N˜βγ
]
x˜σ y˜
γ + 2F N˜βσ W σ − 2N˜βλ N˜λσ vσ
}
.
On the other hand, since [N˜αβ ] y˜σ = B˜αβσ , we have
∇˜yH ∇˜yv= ∇˜yH (FW )
=
{
δ
δxk
[
vβj y
j + vσ N˜βσ
]
yk + F N˜βσ W σ
}
∂
∂ x˜β
= {vβkj yk y j − vβk Gk + vσ [N˜βσ ]x˜γ y˜γ + 2F N˜βσ W σ − N˜βλ N˜λσ vσ + B˜βαγ vα(hγ − G˜γ )} ∂∂ x˜β .
The ﬂag curvature tensor and the Landsberg curvature tensor can be expressed as
F˜ 2 R˜αβ =
[
N˜αγ
]
x˜β y˜
γ − [N˜αβ ]x˜γ y˜γ − N˜αλ N˜λβ + B˜αβγ G˜γ , L˜αβγ = ˙˜Aαβγ .
Thus
(II) = Ω{g˜(∇˜lH W + R˜(v) − L˜(v,h) + 2 A˜(h,W ),v⊥)+ h∗(∇˜vv) − (III) − h∗(∇˜vT v)}. (3.5)
Denote U = [∇˜ ∂
∂t
vt]|t=0 − ∇˜vT v. Then (3.3) becomes
∂
∂t
[
Ωth
∗
t (vt)
]∣∣
t=0 = Ω
{
h∗(U ) + g˜(∇˜lH W + R˜(v) − L˜(v,h) + 2 A˜(h,W ),v⊥)
+ h∗(v)(2nμ⊥(ω˜(W ))− (n + 2)ω˜(W ))}
= Ω{h∗(U ) + g˜(∇˜lH W + R˜(v) − L˜(v,h) + 2 A˜(h,W ),v⊥)
+ h∗(v)[2 tr g˜(∇˜v,df ) + 2 tr A˜(df ,df ,W ) − (n + 2)ω˜(W )]}. (3.6)
From (2.19) and (2.27), we have
g˜
(∇˜lH W ,v⊥)= lH[g˜(W ,v⊥)]− g˜(W , ∇˜lH (p⊥v))− 2 A˜(v⊥,W ,h).
= lH[g˜(W ,v⊥)]− ∥∥W⊥∥∥2 − 2 A˜(v⊥,W ,h)+ 2 A˜(v,df W T ,h)
+ g˜(h˜(l,vT ),W )+ g˜(h˜(l,W T ),v). (3.7)
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divrˆx ζ = ν
{
2g˜
(
h˜
(
l,W T
)
,v
)+ 2 A˜(v,df W T ,h)
+ h∗(v)[tr g˜(b∇˜V ,df )− (n + 2)ω˜(W ) + 2 tr A˜(df ,df ,W )]}. (3.8)
Therefore, (3.6) can be rewritten as
∂
∂t
[
Ωtht(vt)
]∣∣
t=0 = Ω
{
h∗(U ) + lH[g˜(W ,v⊥)]− ∥∥W⊥∥∥2
+ g˜(R˜(v) − L˜(v,h),v⊥)+ g˜(h˜(l,vT ),W )− g˜(h˜(l,W T ),v)
+ h∗(v)[tr g˜(∇˜v,df ) − tr L˜(df ,df ,v)]}+ ν
Fn
divrˆx ζ. (3.9)
By Lemma 2.1, we have
Theorem 1. Let f be an isometric immersion, and ft be a smooth variation with f0 = f and ft |M\D = f |M\D for a compact domain
D ⊂ M. Then the second variation formula of the volume forD is given by
d2
dt2
Vt(D)|t=0 = − n
cn−1
∫
SM
{
h∗(U ) + g˜(∇˜lH W + R˜(v) − L˜(v,h) + 2 A˜(h,W ),v⊥)
+ [2nH∗(v) − (n + 2)h∗(v)]ω˜(W )}dV SM
= − n
cn−1
∫
SM
{
h∗(U ) + g˜(R˜(v) − L˜(v,h),v⊥)− ∥∥W⊥∥∥2 + h∗(v)[tr g˜(∇˜v,df ) − tr L˜(df ,df ,v)]
+ g˜(h˜(l,vT ),W )− g˜(h˜(l,W T ),v)}dV SM , (3.10)
where U = [∇˜ ∂
∂t
vt]|t=0 − ∇˜vT v, W = ∇˜lv.
Deﬁnition 3.1. A minimal immersion f is called stable if the second variation of volume is always nonnegative with respect
to all smooth variations that are compactly supported in M .
If f is totally geodesic, i.e. h˜ = 0, we see from (2.28) that R˜(df X) = dfR(X) and (3.10) becomes
d2
dt2
Vt(D)|t=0 = n
cn−1
∫
SM
{∥∥W⊥∥∥2 − g˜(R˜(v⊥),v⊥)}dV SM .
Proposition 3.1. Any totally geodesic submanifold in a Finsler manifold with non-positive ﬂag curvature must be stable.
4. Stable minimal hypersurfaces of Minkowski space
In what follows, we assume that (V˜ n+1, F˜ ) is an (n+ 1)-dimensional Minkowski space and {e˜α} is an orthonormal basis
of V˜ n+1 with respect to a Euclidean metric F˜0. Let f = f α e˜α : (M, F ) → (V˜ n+1, F˜ ) be a minimal hypersurface. Then
d2
dt2
Vt(D)|t=0 = n
cn−1
∫
SM
{∥∥W⊥∥∥2 + h∗(∇˜vT v) − h∗(v) tr g˜(∇˜v,df )
− g˜(h˜(l,vT ),W )+ g˜(h˜(l,W T ),v)}dV SM . (4.1)
Let n = nα e˜α be the unit normal vector ﬁeld of f (M) with respect to the Euclidean inner product 〈 , 〉 F˜0 in V˜ n+1, and let
n˜ = n˜α e˜α be the unit normal vector ﬁeld with respect to g˜ y˜ in (V˜ n+1, F˜ ), where y˜ = df (y). There exists a function λ(x, y)
on (M, F ) such that
λnα = g˜αβ n˜β with λ = g˜(n, n˜) = 〈n, n˜〉−1F˜0 .
Since n ∈ Γ ( f −1(V˜ n+1)) is linearly independent of { ∂
∂xi
} and μ f (X) = 0 for any X ∈ Γ (TM), we only need to consider
v= ψn, where ψ is a compactly supported smooth function in M . Then
n⊥ = λn˜, W⊥ = λψilin˜, h∗(v) = ψλ2
∑
f αi j l
il jnα.
α
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h∗(∇˜vT v) − h∗(v) tr g˜(∇˜v,df ) = −ψh∗(v) tr g˜(∇˜n,df ) = −ψh∗(v)Xii ,
g˜
(
h˜
(
l,W T
)
,v
)− g˜(h˜(l,vT ),W )= ψ2[g˜(h˜(l, (∇˜ln)T ),n)− g˜(h˜(l,nT ), ∇˜ln)]
= ψ2
[
λ A˜(h, n˜, ∇˜ln) − A˜(h,n, ∇˜ln) + λ2
∑
α
f αi j l
i X jkl
knα + A˜(h,nT , ∇˜ln)]
= ψ2λ2
∑
α
f αi j l
i X jkl
knα
= −λ2ψ2|∇˜ln|2.
Since M is minimal and ψ Xiiv is independent of y, (4.1) can be rewritten as
d2
dt2
Vt(D)|t=0 = n
cn−1
∫
SM
λ2
{
l(ψ)2 − ψ2|∇˜ln|2
}
dV SM . (4.2)
Set F0 = f ∗ F˜0 and
aij = aij(x) =
(
1
2
F 20
)
yi y j
=
∑
α
f αi f
α
j , a = det(aij). (4.3)
Taking into account det(gij) = aλ2 det(g˜αβ) [9], we know that f is minimal if and only if
hij
∫
Σx
ξ yi y j dVΣx = 0, (4.4)
where
ξ = ξ( y˜) = det(g˜αβ)
F˜ n+2
, hij =
∑
α
f αi j n
α, Σx =
{
y ∈ TxM
∣∣ aij yi y j = 1}. (4.5)
Denote by C∞0 (M) the set of all piecewise smooth functions that are compactly supported in M .
Proposition 4.1. Let (M, F ) be a minimal hypersurface of the Minkowski space (V˜ n+1, F˜ ). Then M is stable if and only if∫
SM0
ψ2|∇˜yn|2ξ dV SM0 
∫
SM0
y(ψ)2ξ dV SM0 , (4.6)
for any ψ ∈ C∞0 (M), where SM0 = {(x, y) ∈ TM | aij yi y j = 1} and aij are deﬁned as in (4.3).
Denote
Gij =
∫
SxM
yi y jξadτ , g¯i j = 1
σ
Gij .
By (4.4) and (4.6), we know that (M, F ) is minimal if and only if
hij g¯
i j = 0, (4.7)
and (M, F ) is stable if and only if∫
M
ψ2|∇˜n|2g¯ dVM 
∫
M
|dψ |2g¯ dVM , (4.8)
for any ψ ∈ C∞0 (M).
Note that, in general, g¯ is not the metric induced from Euclidean metric F˜0 and σ(x)dx is not the volume form deter-
mined by g¯ either. Though formally (4.7) and (4.8) are quite similar to those in Riemannian geometry, we have to deduce
some formulas newly.
The divergence of 1-form φ = φi dxi and the Laplacian of function f on M , with respect to g¯ and dVM = σ(x)dx, are
deﬁned by
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σ
∂i
(
g¯i jσφ j
)= 1
σ
∂iG
i jφ j + g¯i j∂iφ j,
σ f = 1
σ
∂iG
i j f j + g¯i j f i j, (4.9)
respectively. It is easy to verify that
∂kG
ij =
∫
Sn−1
yi y j∂kξadτ + 1a G
ij∂ka =
∫
Sn−1
yi y jθα f
α
kl l
lξadτ + 2Gij 0Γ lkl, (4.10)
where θ = 2η˜ − (n + 2)ω˜ and 0Γ jkl are the connection coeﬃcients of the Levi-Civita connection induced by F0. Applying
Stokes theorem to (4.9), we have
Lemma 4.1. Let φ = φidxi be a compactly supported 1-form and f ∈ C∞0 (M). Then∫
M
divσ φ dVM =
∫
M
σ f dVM = 0. (4.11)
Now assume that M is a graph of V˜ n+1 deﬁned by
f (x1, . . . , xn) =
(
x1, . . . , xn,u(x1, . . . , xn)
)
, (x1, . . . , xn) ∈D ⊆ En.
Denote ui = ∂u∂xi and uij = ∂
2u
∂xi∂x j
. Then
aij = δi j + uiu j, n= 1√
a
(u1, . . .un,−1), a = 1+
n∑
i=1
u2i , hij = −
1√
a
uij . (4.12)
Theorem 2. Any minimal graph in Minkowski space (V˜ n+1, F˜ ) is stable.
Proof. From (4.12), we know that
|∇˜n|2g¯ =
∑
α
∂in
α∂ jn
α g¯i j = 1
a
∑
k
ukiukj g¯
i j − a
∣∣∣∣d( 1√a
)∣∣∣∣2
g¯
.
Set f = √aψ , then
|dψ |2g¯ = f 2
∣∣∣∣d( 1√a
)∣∣∣∣2
g¯
+ 2ψ
〈
d
(
1√
a
)
,df
〉
g¯
+ 1
a
|df |2g¯ .
On the other hand, using (4.9) and uijGij = 0, we get
divσ
(
fψd
(
1√
a
))
= 2ψ
〈
df ,d
(
1√
a
)〉
g¯
+ f 2
∣∣∣∣d( 1√a
)∣∣∣∣2
g¯
+ fψσ
(
1√
a
)
,
σ
(
1√
a
)
= − 1
σa
√
a
∂iG
i j
∑
k
ukukj + g¯i j∂i
(
1
a
√
a
∑
k
ukukj
)
= 1
a
√
a
{
2a2
∣∣∣∣d( 1√a
)∣∣∣∣2
g¯
− a|∇˜n|2g¯ −
1
σ
∑
k
(
∂iG
i jukukj − ∂kGijukuij
)}
.
From (4.10), we have∑
k
(
∂iG
i jukukj − ∂kGijukuij
)
=
∑
k
ukukj
( ∫
Sn−1
yi y jθn+1uilllξadτ + 2a G
ij
∑
l
ululi
)
−
∑
k
ukuij
∫
Sn−1
yi y jθn+1uklllξadτ
= 2σa2
∣∣∣∣d( 1√a
)∣∣∣∣2 .
g¯
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M
(|dψ |2g¯ − ψ2|∇˜n|2g¯)dVM = ∫
M
1
a
|df |2g¯ dVM  0,
as we have asserted.
5. Bernstein type theorems in Euclidean space and Minkowski space
In this section we shall present a Bernstein type theorem in Minkowski space. To this end, we need to improve some
Bernstein type theorems in Euclidean space ﬁrstly. So in what follows, we denote by En+1 the (n+1)-dimensional Euclidean
space and let M be an oriented complete hypersurface in En+1 with constant mean curvature H .
For any p ∈ M , we can choose a local orthonormal frame {e1, . . . , en+1} of En+1 around p such that {e1, . . . , en} is a
tangent frame ﬁeld with the associated coframe {ω1, . . . ,ωn}. Let B denote the second fundamental form of M . Then
B := hijωi ⊗ ω j, |B|2 =
∑
i, j
h2i j = |∇n|2.
Set u := |B|. Noting that H = const, we may assume that H  0 by choosing suitable orientation. A direct computation
shows that
uu + |∇u|2 = 1
2
u2 =
∑
i, j,k
h2i jk +
∑
i, j
hi jhij,
∑
i, j,k
h2i jk 
(
1+ 2
n
)
|∇u|2,
∑
i, j
hi jhij = −u4 + nH
∑
i
h3ii −u4.
Here we have used nH3 
∑
i h
3
ii  n3H3 in the last inequality. Therefore,
uu + u4  2
n
|∇u|2. (5.1)
Lemma 5.1. Let M be a complete hypersurface in En+1 with constant mean curvature and c be a constant, nn+2 < c  1. Suppose that
c
∫
M
u2 f 2 dVM 
∫
M
|∇ f |2 dVM , (5.2)
for any f ∈ C∞0 (M). Then there exists some constant C1 depending on n,q and c, such that∫
M
u4+2q f 2 dVM  C1
∫
M
u2+2q|∇ f |2 dVM , (5.3)
where q is a constant satisfying 0 q <
√
c(c − 1+ 2n ) + c − 1.
Proof. Replacing f by u1+q f in (5.2), where q 0 is a constant, we have
c
∫
M
u4+2q f 2 dVM  2(1+ q)
∫
M
u1+2q f 〈∇ f ,∇u〉dVM + (1+ q)2
∫
M
u2q f 2|∇u|2 dVM
+
∫
M
u2+2q|∇ f |2 dVM . (5.4)
By Schwartz’s inequality in (5.4),
c
∫
M
u4+2q f 2 dVM  (1+ q)(1+ q + ε)
∫
M
u2q f 2|∇u|2 dVM +
(
1+ 1+ q
ε
)∫
M
u2+2q|∇ f |2 dVM , (5.5)
where ε > 0 is a constant.
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2
n
+ 2q + 1
)∫
M
u2q f 2|∇u|2 dVM 
∫
M
u4+2q f 2 dVM − 2
∫
M
u1+2q f 〈∇ f ,∇u〉dVM . (5.6)
From (5.4) and (5.6), we have
(1+ q)
(
2
n
+ q
)∫
M
u2q f 2|∇u|2 dVM  (1+ q − c)
∫
M
u4+2q f 2 dVM +
∫
M
u2+2q|∇ f |2 dVM . (5.7)
Combing (5.5) and (5.7) yields(
c − (1+ q + ε)(1+ q − c)
2
n + q
)∫
M
u4+2q f 2 dVM 
(
1+ q + ε
2
n + q
+ 1+ 1+ q
ε
)∫
M
u2+2q|∇ f |2 dVM . (5.8)
Noting that c  nn+2 and q <
√
c(c − 1+ 2n )+ c − 1, we can take ε small enough, such that c − (1+q+ε)(1+q−c)2
n +q
> 0. It follows
that (5.3) holds. The proof of Lemma 5.1 is completed.
Set Br = {P ∈ M | ρ(P , P0) r}, where ρ is the geodesic distance from a ﬁxed point P0 ∈ M .
Theorem 3. Let M be a complete hypersurface in En+1 with constant mean curvature. Assume that (5.2) holds and that
lim
r→∞
∫
Br
|B|k dVM
r2q+4−k
= 0, (5.9)
where q, k are constants satisfying
0 q <
√
c
(
c − 1+ 2
n
)
+ c − 1, when 0< k 2;
k
2
− 1< q <
√
c
(
c − 1+ 2
n
)
+ c − 1, when 2< k < 2
(√
c
(
c − 1+ 2
n
)
+ c
)
.
Then M is a hyperplane.
Proof. First, we have Young’s inequality:
ab εs a
s
s
+ ε−t b
t
t
,
1
s
+ 1
t
= 1, (5.10)
where ε > 0 is arbitrary and 1< s, t < ∞. Let p,0< p < 2q + 2, be a number yet to be determined. From (5.10), we obtain
u2q+2|∇ f |2 = f 2
(
u2q+2−pup |∇ f |
2
f 2
)
 f 2
(
εs
s
us(2q+2−p) + ε
−t
t
(
up
|∇ f |2
f 2
)t)
. (5.11)
Now we choose p to satisfy the following equations:
us(2q+2−p) = 2q + 4, pt = k, 1
s
+ 1
t
= 1,
where k > 0 is a constant. A direct computation shows that
p = 2k
2q + 4− k , s =
2q + 4− k
2q + 2− k , t =
2q + 4− k
2
,
where k2 − 1 < q <
√
c(c − 1+ 2n ) + c − 1 and q  0. By using these values and the fact that ε may be small enough, we
obtain from (5.3) and (5.11) that∫
u2q+4 f 2 dVM  C2
∫
uk
|∇ f |2q+4−k
f 2q+2−k
dVM , (5.12)M M
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2q+4−k
2 in (5.12) and obtain∫
M
u2q+4 f 2 dVM  C3
∫
M
uk|∇ f |2q+4−k dVM , (5.13)
where C3 is again a constant depending on q.
Choose a family of subsets Br on M . By completeness, Br is compact and⋃
r∈(0,∞)
Br = M.
It is well known that |∇ρ| 1 almost everywhere on M . Now ﬁx r and θ , 0< θ < 1, and choose f in (5.13) by
f (P ) = 1, for ρ(P ) θr,
f (P ) = r − ρ(P )
(1− θ)r , for θr  ρ(P ) r,
f (P ) = 0, for ρ(P ) r.
Then from (5.13) we have∫
Bθr
u2q+4 dVM  C3
∫
Br
uk dVM
((1− θ)r)2q+4−k .
By letting r → ∞, we have, by assumption, that the right hand side of the above inequality approaches zero. Thus∫
M
u2q+4 dVM = 0, k
2
− 1< q <
√
c
(
c − 1+ 2
n
)
+ c − 1, q 0,
which implies that u = |B| = 0, i.e. M is a hyperplane. Noting that (5.3) holds for q = 0, i.e. k = 2, we see the theorem has
been proved.
Remark 5.1. Theorem 3 can be viewed as the extension and improvement of some Bernstein type theorems in Euclidean
space. More precisely, when c = 1 and H = 0, M is a complete stable minimal hypersurface in En+1. In this case, Theorem 3
recaptures the main result in [11] when k = 2, and holds for n  7 when k = 3, which is an extension of the main result
in [12].
As an application of Theorem 1 or Proposition 4.1, we prove the Bernstein theorem in Minkowski space. Now let (M, f ∗ F˜ )
be a forward complete stable minimal hypersurface in the Minkowski space (V˜ n+1, F˜ ) and denote
κ1 = inf ξ(df y)|SM0 , κ2 = sup ξ(df y)|SM0 , (5.14)
where SM0 is deﬁned as in Proposition 4.1. Then
0<min ξ( y˜)|Sn  κ1  κ2 max ξ( y˜)|Sn < +∞.
It follows from (2.16) and (4.6) that∫
M
ψ2|∇n|2 dVM = 2n
∫
SM0
ψ2|∇yn|2 dV SM0
 2n
κ1
∫
SM0
ψ2|∇yn|2ξ dV SM0
 2n
κ1
∫
SM0
∣∣l(ψ)∣∣2ξ dV SM0
 κ2
κ1
∫
SM0
|∇ψ |2 dV SM0 . (5.15)
On the other hand, set
c1 =min F˜ ( y˜)|Sn , c2 =max F˜ ( y˜)|Sn .
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0< c1  f ∗ F˜ (y)|Σx  c2 < +∞,
from which we can get
c1dF0(p,q) d f ∗ F˜ (p,q) c2dF0(p,q),
for any p,q ∈ M , where F0 = f ∗ F˜0 is deﬁned as in Section 4. Therefore, (M, f ∗ F˜ ) is forward complete if and only if (M, F0)
is complete. We obtain the following Bernstein type theorem in Minkowski space (V˜ n+1, F˜ ) immediately from Theorem 3.
Theorem 4. Let M be a forward complete stable minimal hypersurface of the Minkowski space (V˜ n+1, F˜ )with κ1κ2 >
n
n+2 , where κ1, κ2
are deﬁned as in (5.14). Assume that M has constant mean curvature with respect to a Euclidean metric F˜0 of V˜ n+1 and satisﬁes (5.9).
Then M is a hyperplane.
Example 1. Let (V˜ 3, α˜φ( β˜
α˜
)) be an (α,β)-Minkowski space, where α˜ =
√∑
α( y˜
α)2, β˜ = b˜ y˜3 and b˜ = 0 is a constant. Let M
be a helicoid deﬁned by
f (u, v) = (u cos v,u sin v, cv), (u, v) ∈ E2, (5.16)
where c = 0 is a constant. Then
F = f ∗ F˜ = αφ
(
β
α
)
,
where α =√(y1)2 + (u2 + c2)(y2)2, β = cb˜y2, and we have
h11 = 0, h12 = −c√
u2 + c2 , h22 = 0.
It follows from [10] that
ξ |Σx =
(
φ − βφ′)(φ − βφ′ + (b˜2 − β2)φ′′),
which is a function only depending on y2. Hence, f satisﬁes (4.4). That is, the helicoid M is minimal not only in Euclidean
space E3 = (V˜ 3, α˜) but also in (α,β)-Minkowski space (V˜ 3, α˜φ( β˜
α˜
)).
Remark 5.2. It is well known that a helicoid M deﬁned by (5.16) is unstable in Euclidean space E3. Next we will show that
M is also unstable in some (α,β)-Minkowski spaces (V˜ 3, α˜φ( β˜
α˜
)).
Example 2. It is easy to verify that a helicoid M deﬁned by (5.16) satisﬁes (5.9) for k = 2 and any q > 0. Theorem 4 then
implies that M is unstable in (α,β)-Minkowski space (V˜ 3, α˜φ( β˜
α˜
)) with κ1κ2 >
1
2 .
Particularly, M is unstable in a quadratic (α,β)-Minkowski space (V˜ 3, α˜ + k˜ β˜2
α˜
) when 3 − √10 < k˜b˜2 < 12 (3 −
√
7 ). In
fact, we know from [13] that
ξ |Σx =
(
1− k˜β2)(1+ 2q − 3k˜β2)> 0, (1− k˜β2)> 0.
Then κ1κ2 =
(1−k˜b˜2)2
1+2k˜b˜2 , when k˜ > 0; and
κ1
κ2
= 1+2k˜b˜2
(1−k˜b˜2)2 , when k˜ < 0.
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